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We study equilibrium and non-equilibrium transport of non-interacting electrons through two

quantum dot molecules embedded in an Aharonov–Bohm interferometer, and focus in several quantum

interference effects occurring in both regimes. We obtain analytical expressions for the transmission

and the density of states, and we calculate numerically the current at zero temperature. We show that

the system exhibits Fano resonances, total suppression of transmission, and bound states in the

continuum. In equilibrium we find a magnetic flux-dependent effective level attraction and lines of

perfect transmission when the intramolecular coupling is weak. This feature has strong consequences in

the non-equilibrium regime, where the I–V characteristics displays a region of negative differential

conductance induced by the magnetic flux. The current suffers an abrupt rise for small bias voltages as

consequence of an effective level attraction of the hybridized levels produced by the flux. The decrease

of current is result of the destruction of this effect when the bias is increased.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Electron transport in systems of multiple quantum dots, and in
particular in coupled double quantum dots (DQD), has been a
subject of intensive research in recent years. The coupled DQD
was initially studied in its similitude with a real molecule [1], but
the interest on this system has turned to several other directions,
as its possible use in spintronics [3] and quantum computing [2].

One of the key features of transport in quantum dots is the
high degree of phase coherence of electrons, one of the basic
quantum phenomena. Quantum coherence manifests in the
presence of different electronic pathways, and this has motivated
the study of quantum dot structures embedded in interferom-
eters. Systems as a coupled DQD embedded in a ring [4–7], or
‘quantum dot molecule’, have received much attention recently
for the variety of quantum interference effects they show.
Experiments have allowed to observe in this structure Aharo-
nov–Bohm (AB) oscillations of the conductance and Fano
resonances [4,8,9], and theoretical works have predicted other
quantum coherence consequences as Dicke effect [7] and bound
states in the continuum [5]. The interplay of electronic interac-
tions and quantum interference in the DQD embedded in a ring is
explored in Refs. [10–14], showing no conventional behaviors in
Kondo and Coulomb blockade regimes. Spin dependent transport
ll rights reserved.
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in the same system with ferromagnetic leads is considered in
Refs. [15,16] and in the presence of Rashba spin–orbit interaction
in Ref. [17].

From the application point of view, an interesting feature
exhibited quantum dots is the negative differential conductance
(NDC) [18]. NDC has been studied in single as well as in double
quantum dot systems, and it has applications in amplifiers and
oscillators in the microwave, mm-wave and Terahertz frequency
ranges [19]. In multilevels quantum dots NDC can occur when
states have different couplings to the leads [20–23]. In a serial
double quantum dot, negative differential conductance can be
produced when the bias breaks the transmission channel
extended along the system [24]. Other theoretical works on
generation of NDC in double quantum dot molecules connected in
series are Refs. [25–29]. In a DQD embedded in an Aharonov-ring,
magnetic-flux-induced NDC was found in the strong interdot
repulsion regime [12]. A similar result was found by Mourokh and
Smirnov in a double molecule with three terminals [30]. Recently,
it was reported NDC induced by the electronic correlation in a
side-coupled DQD [31].

Our work aims to study a system of two double quantum dot
molecules in an Aharonov–Bohm interferometer. This system
exhibits a phenomenology different from the DQD molecule in an
AB ring, and it presents novel results in the situation out of
equilibrium. This configuration resembles in some aspects to two
uncoupled quantum dots in an AB interferometer [32] and it
captures some of its physics, but a richer phenomenology arises
from the fact that we are dealing with double quantum dots
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rather than single quantum dots. We model the system by a non-
interacting Hamiltonian, which allows to describe most of the
relevant phenomena associated to quantum interference, as
mentioned above. We obtain analytical expressions for the
transmission and the density of states, and we calculate
numerically the current at zero temperature. We show that
the transmission both in and out of equilibrium exhibits Fano
resonances, total reflection, and suppressed peaks as a manifesta-
tion of bound states in the continuum (BICs). The BICs are
resonances of vanishing linewidth, which can occur when
resonances belonging to different channels interfere [33]. These
have been demonstrated experimentally in semiconductor het-
erostructures grown by molecular beam epitaxy [34]. The
occurrence of these states in quantum dots was discussed by us
in a DQD and a triple QD embedded an interferometer [5,7,35].
There have been an increasing interest on BICs in different
contexts [36–38].

Other aspect we addressed to is the presence of a flux-
dependent effective level attraction and lines of perfect transmis-
sion [39,32] when the intramolecular coupling is weak. These
features manifest in equilibrium and are destroyed progressively
as the bias voltage is increased. In the non-equilibrium regime, we
identify two kinds of NDC regions in the I–V characteristics,
occurring at different scales and of different origin. One is
generated by the usual mechanism of the NDC in a double
quantum dot systems [24]. The current will increase or
decrease with voltage, depending on whether the voltage makes
the levels of the different quantum dots become aligned or not
aligned. The other region occurs at smaller voltages and is
induced by the magnetic flux. We explain the latter effect in
terms of the destruction of the flux-induced level attraction
by the bias.
2. Model

The system under consideration is shown in Fig. 1. Two equal
double quantum dot molecules are embedded in an Aharonov–
Bohm ring, which is attached to large contacts through one-
dimensional leads. Equilibrium transport in a similar
configuration with additional connections between dots was
studied by Li et al. [40]. The left and right contacts are in
thermodynamic equilibrium with thermodynamical potentials mL

and mR, respectively. We consider only one level relevant
in each of the quantum dots. The system is modeled by a non-
interacting Anderson Hamiltonian, which can be written as
H¼HMþH0þHI , where HM describes the dynamics of the
isolate molecules,

HM ¼
X

a ¼ þ ;�

X
i ¼ A;B

eid
y

iadiaþ
X

a ¼ þ ;�
ðtadyA;adB;aþt�adyBadAaÞ; ð1Þ

where eAðBÞ is the level energy of the left (right) quantum dot in
the molecule a (a¼ þ ;�); di;a ðd

y

i;aÞ annihilates (creates) an
electron in dot i in the molecule a, and ta is the intramolecular
Fig. 1. Two double quantum dot molecules embedded in parallel in an Aharonov–

Bohm interferometer.
tunneling hopping. H0 is the Hamiltonian for the electrons in the
leads

H0 ¼
V

2

X�1

i ¼ �1

cyi ciþv
X�1

i ¼ �1

ðcyi ci�1þcyi�1ciÞ

�
V

2

X1
i ¼ 1

cyi ciþv
X1
i ¼ 1

ðcyi ciþ1þcyiþ1ciÞ; ð2Þ

where ci ðc
y

i Þ is the annihilation (creation) operator of an electron
in the site i-th of the leads, and v the hopping between sites in the
leads. The term HI accounts for the tunneling between molecules
and leads,

HI ¼�
X

a ¼ þ ;�
ðVA

adyAac�1þVA�
a cy
�1dAaÞ�

X
a ¼ þ ;�

ðVB
adyBac1þVB�

a cy1dBaÞ

ð3Þ

with VAðBÞ
a , the tunneling coupling connecting the left (right) dot of

the a- th molecule with the left (right) lead. We restrict to the case
in which there is not magnetic field acting directly on the
electrons, so that the situation will be identical for the two values
of spin.

In the presence of a magnetic flux threading the ring, and using
gauge invariance, we add the Aharonov–Bohm phase f¼ 2pF=F0

around the ring by the replacement VA
þ ¼ tAe�if=6, tþ ¼ tce�if=6,

VB
þ ¼ tBe�if=6, VA

� ¼ tAeif=6, t� ¼ tceif=6 VB
� ¼ tBeif=6, with F0 ¼ h=e

the flux quantum. We look for the steady states jckS of the whole
Hamiltonian H. The Hamiltonian describing the leads, H0,
corresponds to a free-particle Hamiltonian on a lattice, the
eigenfunctions being Bloch functions jkbS¼

P
je

ikbjjjS, b¼ L;R,
where jkbS is the momentum eigenstate and jjS a Wannier state
localized at the j-th site. The corresponding dispersion relations
are e¼ V=2�2vcoskL, for the electrons originated in the left
contact, and e¼�V=2�2vcoskR for those originated in the right
contact. The eigenstates of the entire Hamiltonian can be written
as

jckS¼
X�1

j ¼ �1

ak
j jjSþ

X
a ¼ þ ;�

X
i ¼ A;B

bk
i;aji;aSþ

X1
j ¼ 1

ak
j jjS ð4Þ

We assume electrons as described by a plane wave incident from
the far left (right) with unit amplitude, reflection amplitude r (r0),
and transmission amplitude t (t0), and solve the Schrödinger
equation HjckS¼ EkjckS for ak

j and bk
i;a. We are interested in the

transmission and the current through the system for an applied
voltage V=e between source and drain such that the site energy is
V=2 for the left lead and �V=2 for the right lead. We center in the
symmetrical configuration, that is, equal left and right dot-lead
couplings, tA ¼ tB. Additionally, we assume that the voltage drop
occurs only between the dot A and the dot B, so that the energies
of the quantum dots are equal to the site energies of the adjacent
leads, eA ¼ V=2 and eB ¼�V=2. At zero temperature, the current in
the leads is given by

IðVÞ ¼
2e

h

Z V=2

�V=2
TðeÞde; ð5Þ

where TðeÞ is the transmission. We have assumed that the Fermi
level in equilibrium is equal to 0.
3. Results

The transmission probability can be written in the form

TðeÞ ¼ 4t2
c G

2
ðDeÞ4cos2f=2

L
ð6Þ
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L¼ ½ðDeÞ4þG2
ðe�qÞ2�½ðDeÞ4þG2

ðeþqÞ2�, where ðDeÞ2 ¼ e2�p2,
with p2 ¼ ðV=2Þ2þt2

c and q2 ¼ ðV=2Þ2þt2
c cos2ðf=2Þ, where

G¼ 4pt2
Arð0Þ is the characteristic line half-width, with rð0Þ the

density of states in the leads at the Fermi level.
It follows from the expression (6) that the transmission has

a period Df¼ 2p (DF¼F0) and that T identically vanishes
when f is an odd multiple of p (F¼ nF0=2, n odd). This fully
destructive interference effect for this value of f is expected, since
in the absence of magnetic flux the upper and lower paths are
equivalent, then the flux introduces in the wave function
a phase �p=2 along one arm and p=2 along the other. On the
other hand, in the considered symmetry the transmission in
general presents two Fano resonances superposed to two
Lorentzians. When f is an even multiple of p (F¼ nF0, n integer),
T ¼ 4t2

c G
2=½ðp2�e2Þ

2
þ2G2

ðp2þe2ÞþG4
�, that is, the Fano reso-

nances disappear from the transmission, indicating the presence
of two bound states in the continuum [5,7]. The BICs in this
configuration are formed by the hybridization through the leads
of the upper and lower molecular states.

3.1. Equilibrium transport

The equilibrium transmission is obtained from Eq. (6) by
making V ¼ 0. According to the intramolecular coupling we can
distinguish two regimes, where transmission displays essentially
different behaviors: tc rG=

ffiffiffi
2
p

and tc 4G=
ffiffiffi
2
p

. We will show that
for weak intramolecular couplings the magnetic flux induces an
effective attraction of the molecular levels analogous to that
discussed in Ref. [39] in a quantum ring with two elastic
scatterers. In Fig. 2 we have plotted TðeÞ for tc ¼ 0:25G, that is,
an intramolecular coupling weak as compared to the coupling of
the molecules to the contacts. In Fig. 2(a) (dash line) F¼ 0 and tc

is small enough, that a single and flat peak is observed, with
features very similar to those of a molecule in series with small
intramolecular coupling. However, as commented above, two
bound states in the continuum are occurring. This means that two
of the molecular states are localized and do not participate of
transmission [41]. These states become delocalized whenever the
symmetry of the system is broken, as occurs when the magnetic
flux is turned on. This is the case of Fig. 2(a) (solid line) and the
rest of Fig. 2, where the two BICs are replaced by two Fano
resonances. The Fano peaks reach T ¼ 1. In Figs. 2(a)–(d) (solid
line) it is evident a level attraction as the flux increases from 0 to
Fig. 2. Transmission versus energy for tc ¼ 0:25G and (a) F¼ 0 (dash line) and

F¼ 0:1F0 (solid line), (b) F¼ 0:2F0, (c) F¼ 0:3F0, (d) F¼ 0:4F0 (solid line) and

F¼ 0:46F0 (dash line).
F0=2. The Fano peaks get progressively closer to each other until
overlapping completely at a value close but lesser than F0=2.
Then the transmission decays (dash line in Fig. 2(d)), until
vanishing when F¼F0=2. The ‘level attraction’ induced by the
magnetic flux is explained by the presence of resonances near
the energies of the electronic states of the ring, the latter
depending periodically on the magnetic flux. The sharpness of
the resonances when the intramolecular couplings are weak occur
by the multiple reflections of the electron in the ring, where the
electron is transmitted only if it has an energy close to one of the
eigenstates [39].

Let us examine now the positions of the resonances as a
function of the magnetic flux. It follows from Eq. (6) that perfect
transmission takes place at energies obeying the following
equation:

e4�e2ð2t2
c�G

2
Þþt2

c ½t
2
c�G

2cos2ðf=2Þ� ¼ 0; ð7Þ

with the solutions e71 ¼ 7 ½AþB�1=2, e72 ¼7 ½A�B�1=2, with
A¼ t2

c�G
2=2 and B¼ ðG=2Þ½G2

�4t2
c sin2

ðf=2Þ�1=2. Fig. 3(a) shows
the positions of the T ¼ 1 peaks for different values of tc rG=

ffiffiffi
2
p

.
These correspond to eþ1 and e�1 , the only real solutions of
Eq. (7). We have to note that the solutions for F¼ 0 displayed
in the plot are not physical, in accordance to Fig. 2(a) (dash line).
In the three cases the peaks positions shift progressively to the
center of the band as F increases. The peaks meet at e¼ 0 at
F¼ arccosðtc=GÞF0=p. The situation changes when tc 4G=

ffiffiffi
2
p

,
where eþ1 and e�1 stop meeting at e¼ 0 and the solutions eþ2 and
e�2 become real in a range of F, as shown in Fig. 3(b) (dash lines).
As observed, the solutions e�1 (eþ1 ) and e�2 (eþ2 ) meet, but there is
not level attraction into the center of the band as the flux
increases.

Let us examine how the just described features affect the
shape of the Aharonov–Bohm oscillations of the conductance
G¼ ð2e2=hÞTðm¼ 0Þ. G is given as a function of the flux by

G¼
2e2

h

4cos2ðpF=F0Þðtc=GÞ2

½cos2ðpF=F0Þþðtc=GÞ2�2
: ð8Þ

We distinguish in Eq. (8) two different behaviors. When tc rG
there is always a value of F for which Tð0Þ ¼ 1, while when tc 4G
this never occurs. This features are understood from the T ¼ 1
peaks positions shown in Figs. 3(a) and (b). Fig. 4, which
shows the conductance versus the magnetic flux for different
values of the tc. For tc ¼ 0:05G and tc ¼ 0:25G, the conductance is
symmetric around F0=2, reaching the maximum G¼ 2e2=h at
F¼ arccosðtc=GÞF0=p. These features are repeated for all tc in the
Fig. 3. (a) Positions of the T ¼ 1 peaks for different values of tc rG=
ffiffiffi
2
p

: tc ¼ 0:1G
(solid line), tc ¼ 0:5G (dash line) and tc ¼ 0:7G (dotted line) and (b) positions of the

T ¼ 1 peaks for tc 4G=
ffiffiffi
2
p

. The solid lines correspond to eþ1 and e-
1, and the dash

lines to eþ2 and e-
2.
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interval tc rG, and the smaller the value of tc the sharper the
maximum. This means that the fall of the transmission to zero
described in Fig. 2(d) is more abrupt for smaller intramolecular
couplings. Smoother oscillations are observed for tc 4G, where G

never reaches 2e2=h.
Fig. 4. (Color online) Conductance versus magnetic flux for tc ¼ 0:05G (solid line),

tc ¼ 0:25G (dash line) and tc ¼ 1:5G (dotted line).

Fig. 5. (Color online) I–V characteristics for (a) F¼ 0 and (b) F¼ 0:46F0, and

tc ¼ 0:1G (solid line), tc ¼ 0:25G (dash line), tc ¼ 0:5G (dotted line), tc ¼ 0:75G
(dash-dotted line), tc ¼G (short dash line).
3.2. Non-equilibrium transport

Let us now consider a voltage V applied between contacts and
let us study the current in the leads. Fig. 5(a) shows the current–
voltage characteristics for F¼ 0 and different values of
intramolecular couplings. In all cases the current–voltage
characteristics displays a peak, with the corresponding region of
NDC. This behavior is typical of the serial DQD [24]. The current
increases when the bias allows a transmission channel exists
along the left and right sides of the system. If the bias continues to
increase, the channel is destroyed resulting in the drop of current.
The destruction of this channel occurs because the molecular
state allowing transmission is broken, and the electronic state
gets localized in one of the quantum dots.

The existence of a magnetic flux produces changes in the I–V

characteristics which become important when tc oG=
ffiffiffi
2
p

and F is
within an interval close to F0=2, as illustrated in Fig. 5(b), where
F¼ 0:46F0. We observe sharper current peaks at lower voltages
as compared to the case F¼ 0. The abrupt increase of the current
at low voltages for small tc is a consequence of the level attraction
discussed for zero bias. To visualize this we have plotted in
Fig. 6(a) the I–V characteristics for a fixed tc and F, and in Fig. 6(b)
the transmission spectra associated to the bias voltages indicated
in the current curve. As observed, for small bias (cases 1–3) the
transmission keeps large in all the transport region
(�V=2oeoV=2), due to the existence of two overlapped
resonances close to each other. Larger bias voltages make the
heights of the resonances fall, so that the transmission in all the
window of transport becomes smaller, occurring the observed
decrease in the current. A further insight of this is obtained
through the density of states of the left and right quantum dots.
Fig. 6. (Color online) (a) I–V characteristics for tc ¼ 0:1G and F¼ 0:46F0.

(b) Transmission spectrum for the same parameters and the values of voltages

corresponding to the indicated points in (a).
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The DOS for electrons coming from the left

rA ¼ sL

ðepcR�t2
c c2

y Þ
2
þe2

ps2
Rþt4

c s2
yc2

y

pD2D2
; ð9Þ

rB ¼ sLt2
c

ðcR�enc2
y Þ

2
þs2

Rþe2
ns2

yc2
y

pD2D2
; ð10Þ

where D2 ¼ ðcLcR�sLsR�t2
c c2

y Þ
2
þðsLcRþsRcLÞ

2, sy ¼ sinðy=2Þ, cy ¼

cosðy=2Þ, D2
¼ epen�t2

c and

en ¼ e�V0=2; ep ¼ eþV0=2;

cL ¼ ep�rD2en; cR ¼ en�rD2ep;

sL ¼D2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�r2e2

n

q
; sR ¼D2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�r2e2

p

q
;

where r¼G=2t. rA (rB) corresponds to the sum of the densities of
states in the dots A (B) of both arms. Fig. 7 shows the left and right
quantum dots DOS for the same parameters of Fig. 6. In
equilibrium (V ¼ 0) a molecular state is formed. For the cases 2
and 3 the coherence is still preserved but for higher voltages
(cases 4–5) the physical picture changes. In these cases, the
coherence between dots is lost, the electron is localized at the left
quantum dots and the molecular bridge is broken. It is important
to remark that the just discussed features does not exist if the
magnetic flux is absent, so that in this case we can talk of a
magnetic flux-induced NDC. Flux-induced NDC is discussed in a
parallel DQD molecule embedded in an Aharonov–Bohm ring [12]
and in a molecule in a three terminals configuration [30], in both
cases NDC occurs in the strong interdot repulsion limit.

It is valid to ask how sensitive are the above results to the
choice of the voltage drop across the ring. We have chosen a
potential drop equal to V between the left and right dots, each of
them being at the same voltage than the adjacent lead [24]. This
assumption is reasonable in quantum dots, since the energies of
the individual dots can be tuned to the desired value through gate
voltages. We have explored other voltage drops, finding that flux-
induced NDC exists whenever the left and right quantum dots are
at different potentials, no matter how small such difference. The
effect is strengthen when mL ¼ V=2¼�mR and eA ¼ V=4¼�eB, and
it vanishes when eA ¼ eB.

We expect that the above picture remains valid even if the
electron–electron interaction is considered. In fact, in embedded
QD arrays, the main effect of the electron–electron interaction is
to shift and to split the resonances [42]. This occurs because the
Fig. 7. (Color online) Densities of states of the electrons coming from the left at

the quantum dots A and B, for tc ¼ 0:1G and F¼ 0:46F0, for the same voltages of

Fig. 6(b).
on-site Coulomb repulsion energy U introduces a renormalization
of the site energies. In analogy with QD arrays in series, we expect
that depending on the relation between the interdot coupling and
the on-site Coulomb interaction different regimes arise. For
tc=U51, the resonances and antiresonances would split into
two distinct minibands separated by the on-site Coulomb energy,
while for tc=Ub1, the resonances and antiresonances would
occur in pairs. This behavior should not break the negative
differential conductance. On the other hand, in the limit of low
temperatures and strong electronic correlations, as in the Kondo
regime, both the energy levels and the interdot and dot-leads
couplings are renormalized to values which depend non-linearly
on parameters such as gate voltage and occupation number. Even
though, we think it is possible, by modifying the control
parameters, to attain the main effects described in this article.
We would expect that the NDC were strengthened and nonlinear
effects occurred, as in quantum dots in series and side-coupled in
the Kondo regime [24,25,31,43]. A work in this direction is under
progress.
4. Summary

In this work we have studied equilibrium and non-equilibrium
transport through two quantum dot molecules embedded in an
Aharonov–Bohm interferometer. We obtained analytical expres-
sions for the transmission and the density of states, and we
calculate numerically the current at zero temperature. In both,
equilibrium and non-equilibrium, the transmission displays Fano
resonances, total reflection and bound states in the continuum. In
equilibrium, it shows a magnetic flux-dependent effective level
attraction and lines of perfect transmission when the intramole-
cular coupling is weak.

In the non-equilibrium regime, we identify two kinds of NDC
regions in the I–V characteristics, occurring at different scales and
of different origin. A first current peak exists at voltages of the
order of the characteristic linewidth G, and it is independent of
the magnetic flux. The drop of current with the increase of bias
has analogous explanation to the NDC region in a serial DQD.
A second peak in the I–V characteristics takes place at voltages of
the order of G=100, it occurs for small tc and it is strongly
dependent on the magnetic flux. In fact, it does not exist if the flux
is absent. The current suffers an abrupt rise for small bias
voltages, as consequence of an effective level attraction of the
hybridized levels produced by the flux. The decrease of current is
result of the destruction of this effect when the bias is increased.
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